We argue that our recent success in using our resummed quantum gravity approach to Einstein's general theory of relativity, in the context of the Planck scale cosmology formulation of Bonanno and Reuter, to estimate the value of the cosmological constant Λ supports the use of quantum mechanical consistency requirements to constrain the main uncertainty in that very promising result. This main uncertainty, which is due to the uncertainty in the value of the time t tr at which the transition from the Planck scale cosmology to the FRW model occurs, is shown to be reduced, by requiring consistency between the Heisenberg uncertainty principle and the known properties of the solutions of Einstein's equations, from four orders of magnitude to the level of a factor of O(10). This lends more credibility to the over-all resummed quantum gravity approach itself, in general, and to our estimate of Λ in particular.
In Ref. [1] , we have used the theory of resummed quantum gravity [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] to estimate the value of the cosmological constant as ρ Λ = (0.0024eV ) 4 which is quite close to the experimental value [13] [14] [15] ρ Λ | expt ∼ = ((2.37 ± 0.05) × 10 −3 eV ) 4 . As we have emphasized in the Ref. [1] , the main source of uncertainty in our formula for ρ Λ in Eq.(53) in the latter reference is the value of the time t tr at which the universe switches from the Planck scale cosmology [16, 17] of Bonanno and Reuter to the FRW model that we see today. Following Refs. [16, 17] , we took the value t tr ∼ = 25/M Pl as suggested by numerical studies. We have argued that this value could be uncertain by a couple of orders of magnitude, so that our estimate for ρ Λ could be off by as much as four orders of magnitude. In what follows, we use the union of the Heisenberg uncertainty principle and the known properties of the solutions [18] [19] [20] of the Einstein equations for de Sitter space to arrive at a consistency condition which reduces the uncertainty in t tr to the level of O(3). This adds significantly to the credibility of our original estimate.
Specifically, using the theory of resummed quantum gravity in the context of the Planck scale cosmology of Refs. [16, 17] , we have arrived at the estimate
where we take the age of the universe to be t 0 ∼ = 13.7 × 10 9 yrs. Here, the connection between ρ Λ and the cosmological constant Λ is as usual:
4 from the known elementary particles in the universe. The sum over j in (1) is over all elementary particles where F j , n j are their respective fermion number and effective number of degrees of freedom. The quantity ρ j is given by ln in (1) and have made analysis that leads to a qualitatively similar result for ρ Λ (t 0 ). What is interesting is the closeness of the result in (1) to the experimental value [13] [14] [15] : ρ Λ (t 0 )| expt ∼ = ((2.37 ± 0.05) × 10 −3 eV ) 4 . This suggests that the uncertainty on our estimate for t tr , which we have put [1] at the level of a factor of 100, is in fact much less than this latter value. In what follows, we argue that this is indeed the case.
The basic physical idea which we wish to apply here is the known property of a de Sitter universe, which we describe here with the metric [25, 26] 
in an obvious notation, with b = 3/Λ : if a light ray starts at the origin (w = 0 here) and travels uninterruptedly, it never gets past the point w = w 0 ≡ b along its geodesic. If we treat the quantum mechanics as truly interwoven with the fabric of space-time, as it most certainly should be, according to Einstein's general theory of relativity, it must know about the latter limit for the quantum wave function of the photons in this light ray. According to the Heisenberg uncertainty principle, the uncertainty associated with the momentum conjugate variable to the coordinate distance w is correspondingly bounded in the quantum theory of general relativity. To get a realization of the attendant constraint, we use the results in Refs. [18] [19] [20] 26] to check for the consistency of this bound with the effective scale k associated to the running values of G N (k), Λ(k) as implied by the methods of Refs. [16, 17, 23, [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] and by our resummed quantum gravity (RQG) approach. Specifically, we use the basic formulation of the Heisenberg uncertainty principle,
where we define ∆A as the quantum mechanical uncertainty of the observable A and p is the momentum conjugate to the observable coordinate q. In our case, we have q = w cos θ where θ is the polar angle when the direction of k is taken along theẑ direction and we may identify ∆p as our effective k, as k represents the size of the mean squared momentum fluctuations in the universe that are effective for the running of the universe observables G N (k), Λ(k). As we see from the explicit solutions of the field equations in Refs. [18] [19] [20] , for the universe in the Planck regime, the solutions of the scalar field equations, 1 in an appropriate set of coordinates, are spanned by plane waves in 3-space with Bessel/Hankel function-related dependence on time, so that we have the estimate, at any given time, again using an obvious notation,
From this estimate, we get the Einstein-Heisenberg consistency condition
where Λ(k) is given by Eq.(52) in Ref. [1] :
Indeed, when k becomes too small to satisfy the condition (4), we argue that the Planck scale inflation must end. Thus, we have the estimate of the transition time, t tr = α/M P l = 1/k tr , from the Planck scale inflationary regime to the Friedmann-Robertson-Walker regime via the value of α for which equality holds in (4). On our solving for α we get
which is in a agreement with the value α ∼ = 25 implied by the numerical studies in Ref. [16, 17] .
In conclusion, we argue that we have significantly reduced the theoretical uncertainty of the estimate of Λ [1] from the standpoint of the application of our RQG theory in the context of the Planck scale cosmology of Refs. [16, 17] . In particular, using the union of the ideas of Heisenberg and Einstein, we argue that the previous estimate of an uncertainty of a factor of O(100) on t tr is now reduced to the level of a factor of O(3), so that the uncertainty of our estimate on Λ is now reduced to a factor of O(10). In our view, this represents considerable progress in the long campaign to understand the value of Λ from first principles using the method of the operator-valued field.
